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1 Introduction

The purpose of this note is to provide a matricial formulation of statistical learn-
ing models derived from the class of exponential distributions with dispersion
parameter. We assume that the reader is comfortable with linear algebra and multi-
variable calculus, has an understanding of basic probability theory and is familiar with
supervised learning concepts.

A number of regression and classification models commonly used in supervised learning
settings turn out to be specific cases derived from the family of exponential distribu-
tions. This note is organized as follows:

1. Section 2 describes the family of exponential distributions and their associated Gen-
eralized Linear Model (GLM). The family described in [3] counts a significant
number of distributions including e.g., the univariate Gaussian, Bernoulli, Poisson,
Geometric, and Multinomial cases. Other distributions such as the multivariate
Gaussian lend themselves to a natural generalization of this model. In order to do
so, we extend the family of exponential distributions with dispersion parameter [3]
to include symmetric positive definite dispersion matrices.

2. Section 3 derives the GLM’s Cost Function and its corresponding Gradient and
Hessian all expressed in component form. We derive the expressions associated
with the general case that includes a dispersion matrix. We also derive simplified
versions for the specific case when the dispersion matrix is a positive scalar multiple
of the identity matrix.

3. In Section 4, we limit ourselves to distributions whose dispersion matrix is a positive
scalar multiple of the identity matrix. These are precisely the ones described in [3].
We express their associated Cost Function, Gradient and Hessian using concise
matrix notation. We will separately analyze the case of the multivariate Gaussian
distribution and derive its associated Cost Function and Gradient in matrix form
in section 7.

4. Section 5 provides a matricial formulation of three numerical algorithms that can be
used to minimize the Cost Function. They include the Batch Gradient Descent
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(BGD), Stochastic Gradient Descent (SGD) and Newton Raphson (NR)
methods.

5. Section 6 applies the matricial formulation to a select set of exponential distributions
whose dispersion matrix is a positive scalar multiple of the identity. In particular,
we consider the following:

i. Univariate Gaussian distribution (which yields the familiar linear regression
model)

ii. Bernoulli distribution (which yields the familiar logistic regression model)

iii. Poisson distribution

iv. Geometric distribution

v. Multinomial distribution (which yields the familiar softmax regression model)

6. Section 7 treats the case of the multivariate Gaussian distribution. It is an ex-
ample of an exponential distribution with dispersion matrix that is not necessarily
a positive scalar multiple of the identity matrix. In this case, the dispersion matrix
turns out to be the precision matrix which is the inverse of the covariance matrix.
We derive the corresponding Cost Function in component form and also express it
using matrix notation. We then derive the Cost function’s Gradient, express it in
matrix notation and show how to to minimize the Cost Function using BGD. We
finally consider the specific case of a non-weighted Cost Function without regular-
ization and derive a closed-form solution for the optimal values of its minimizing
parameters.

7. Section 8 provides a python script that implements the GLM Supervised Learning
class using the matrix notation. We limit ourselves to cases where the dispersion
matrix is a positive scalar multiple of the identity matrix. The code provided is
meant for educational purposes and we recommend relying on existing and tested
packages (e.g., scikit-learn) to run specific predictive models.

2 Generalized Linear Models (GLM)

Discriminative supervised learning models: Loosely speaking, a supervised learning
model is an algorithm that when fed a training set (i.e., a set of inputs and their corre-
sponding outputs) derives an optimal function that can make ”good” output predictions
when given new, previously unseen inputs.

More formally, let X an Y denote the input and output spaces respectively. Let

{(x(i), y(i)), i = 1, ..,m} ⊂ X x Y

denote a given training set for a finite positive integer m. The supervised learning
algorithm will output a function h : X → Y , that optimizes a certain performance
metric usually expressed in the form of a Cost Function. The function h can then be
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applied to an input x ∈ X to predict its corresponding output y ∈ Y . Whenever Y is
limited to a discrete set of values, we refer to the learning problem as a classification.
Otherwise, we call it a regression.

The exercise of conducting predictions in a deterministic world is futile. Inject that
world with a dose of randomness and that exercise becomes worthwhile. In order to
model randomness, we usually lean on probabilistic descriptions of the distribution of
relevant variables. More specifically, we may assume certain distributions on the set of
inputs, the set of outputs, or joint distributions on inputs and outputs taken together.
For the purpose of this note, we limit ourselves to models that make assumptions on the
distribution of the output given the input, without giving any consideration to the
underlying distribution of the inputs themselves. Such models are referred to as
discriminative learning models.

Generalized Linear models (GLM): In essence, a GLM consists of three elements.

Element #1: A random component modeled as an instance from a family of
probability distributions of the form:

p(y; η, ρ) = b(y, ρ) eρ [ ηT T (y) − a(η) ] (1)

Modulo variables and maps naming, this family of distributions corresponds to the one
introduced in [3]. It is defined for positive dispersion parameters ρ ∈ R+. We now
introduce a more general version where the dispersion parameter ρ could be a
symmetric positive definite matrix Λ ∈ Sp++, p ≥ 1. We define the enlarged family of
exponential distributions to include those of the following form:

p(y; η,Λ) = b(y,Λ) e[ ηT Λ T (y) − [q(η)]T Λ q(η) ]

≡ b(y,Λ) e[ ηT Λ T (y) − c(η,Λ) ]
(2)

where we define c(η,Λ) to be equal to [q(η)]T Λ q(η). The maps and parameters
appearing in the expression above are described as follows:

• η ∈ Rp is known as the natural parameter vector. We will soon impose a
relationship between the input x and η, which will link the input to the output y.

• Λ is a symmetric element of Sp++ (i.e., a (p× p) symmetric positive-definite
matrix). We refer to it as the dispersion parameter matrix.

• b : Rr × Sp++ → R+ is known as the non-negative base measure. It maps (y,Λ)
to the positive scalar value b(y,Λ).

• T (y) ∈ Rp is a sufficient statistic of y ∈ Rr and has the same dimension as η.
For all practical purposes, this means that the probability of a random variable
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taking on a particular value when conditioned on y is equal to the probability of it
taking the same value when conditioned on T (y). In other terms, whatever can be
learned by conditioning on y can also be learned by conditioning on T (y).

• c : Rp × Sp++ → R is known as the log-partition function. It maps (η,Λ) to
c(η,Λ) = [q(η)]T Λ q(η), where q is a vector-valued map from Rp into Rp that
depends only on η. We denote the components of the column vector q(η) by
[q1(η) .. qp(η)]T , where each qi, i ∈ {1, .., p} is a map from Rp into R.

The rationale for the log-partition nomenclature stems from it being chosen to
ensure that p(y; η,Λ) integrates to 1. Doing so allows us to express c(η,Λ) as a
function of the other parameters:∫∞
−∞ p(y; η,Λ) dy = 1 ⇐⇒

∫∞
−∞ b(y,Λ) e[ ηT Λ T (y) − c(η,Λ) ] dy = 1 ⇐⇒

ln {
∫∞
−∞ b(y,Λ) e[ ηT Λ T (y) − c(η,Λ) ] dy } = 0 ⇐⇒

ln ( e−c(η,Λ) ) + ln {
∫∞
−∞ b(y,Λ) e[ ηT Λ T (y) ] dy } = 0 ⇐⇒

c(η,Λ) ≡ [q(η)]T Λ q(η) = ln {
∫ ∞
−∞

b(y,Λ) e[ ηTΛ T (y) ] dy } (3)

In what follows, we derive expressions for the log-partition function’s Gradient
and Hessian:

The log-partition function’s Gradient: We start by defining the one-form
Gradient of c with respect to η to be the quantity:

(5η c) ≡ [ ∂c
∂η1

.. ∂c
∂ηp

]

In Euclidean p−space, the associated column vector Gradient is denoted by
(5η c)

T . ∀j ∈ {1, ..., p}, we can write:

∂c
∂ηj

= ∂
∂ηj

ln {
∫∞
−∞ b(y,Λ) e[ ηT Λ T (y) ] dy } =

{
∫∞
−∞ b(y,Λ) e[ ηT Λ T (y) ] dy }−1 {

∫∞
−∞ [Λ T (y)]j b(y,Λ) e[ ηT Λ T (y) ] dy } =

{ e−c(η,Λ) } {
∫∞
−∞ [Λ T (y)]j b(y,Λ) e[ ηT Λ T (y) ] dy } =∫∞

−∞ [Λ T (y)]j b(y,Λ) e[ ηT Λ T (y) − c(η,Λ) ] dy = E[ [Λ T (y)]j; η,Λ ]

As a result, we conclude that:

(5η c)
T = Λ E[ T (y); η,Λ ] (4)
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The log-partition function’s Hessian: We first compute the second derivative
of c with respect to the vector η as follows:

∂2c
∂ηj∂ηk

= ∂
∂ηk

∫∞
−∞ [Λ T (y)]j b(y,Λ) e[ ηT Λ T (y) − c(η,Λ) ] dy =

∫∞
−∞ [Λ T (y)]j b(y,Λ) [ [Λ T (y)]k − ∂c

∂ηk
] e[ ηT Λ T (y) − c(η,Λ) ] dy =

E{ [Λ T (y)]j [ [Λ T (y)]k − ∂c
∂ηk

]; η,Λ } =

E{ [Λ T (y)]j [Λ T (y)]k; η,Λ } − E{ [Λ T (y)]j E[ [Λ T (y)]k; η,Λ ] } =

E{ [Λ T (y)]j [Λ T (y)]k; η,Λ } − E{ [Λ T (y)]j; η,Λ } × E{ [Λ T (y)]k; η,Λ }

We conclude that:

∂2c

∂ηj∂ηk
= Cov[ [Λ T (y)]j , [Λ T (y)]k; η,Λ ] (5)

An important implication is that the Hessian of c with respect to η is a covariance
matrix and is hence symmetric positive semi-definite. This demonstrates that c is
convex in η. Furthermore, c is clearly linear in Λ since c(η,Λ) = [q(η)]T Λ q(η).
As a result, c is also convex in Λ.

Element #2: A mean function h : Rp × Sp++ → Rp that maps (η,Λ) to the expected
value of the sufficient statistic T (y) :

h(η,Λ) = E[ T (y); η,Λ ] (6)

E[ T (y); η,Λ ] ≡

E[ (T (y))1; η,Λ ]
...

E[ (T (y))p; η,Λ ]


We can express the mean function h in terms of the log-partition function c, or
equivalently in terms of the map q. To do so, we first define the derivative operator of
the vector-valued map q with respect to η to be the quantity:

(Dη q) =


∂q1
∂η1

.. ∂q1
∂ηp

.. .. ..
∂qp
∂η1

.. ∂qp
∂ηp


Equations (4) and (6) show that:

h(η,Λ) = E[ T (y); η,Λ ] = (Λ)−1 (5η c)
T (7)
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We could also invoke the chain rule and write:

(5η c) = (5q c) (Dη q) = 5q[ [q(η)]T Λ q(η) ] (Dη q) =

[ (Λ + ΛT ) q(η) ]T (Dη q) = 2 [q(η)]T Λ (Dη q) (since Λ is symmetric)

It follows that:

(5η c)
T = 2 (Dη q)T Λ q(η) (8)

And hence, that:

h(η,Λ) = E[ T (y); η,Λ ] = 2 (Λ)−1 (Dη q)T Λ q(η) (9)

Element #3: A design criteria that imposes a linear relationship between the
natural parameter vector η and the input x. Note that the linearity condition is a
matter of choice and one could theoretically investigate more complex choices including
e.g., quadratic or higher order relationships. The linearity condition is expressed as
η = Θx, where:

• η ∈ Rp (p ≥ 1)

• x ∈ Rn+1 (n ≥ 1) is the design vector given by [1 x1 ... xn]T . The xi (i = 1, ..., n)
are the n features (i.e., components of the design vector) and the leading 1
accounts for the intercept term.

• Θ is the coefficient matrix ∈ Rp×(n+1). Note that Θ reduces to a row vector
whenever p = 1.

The design criteria establishes a link between input and output. In other terms,
knowledge of x, Θ, Λ and the mean function h allow one to compute:

h(η,Λ) = h(Θx,Λ) = E[(T (y)) | x; Θ,Λ]

Subsequently, one can make informed predictions about the output given a certain
input as we will later see in sections 6 and 7.

The special case of a dispersion parameter: In what follows, we consider the
special case of a dispersion matrix Λ equal to a positive scalar multiple ρ ∈ R+ of the
(p× p) identity matrix Ip. We write Λ = ρ× Ip. This case includes many of the known
probability distributions including the univariate Gaussian, Bernoulli, Poisson,
Geometric and Multinomial cases that we will revisit in section 6. As expected, this
particular case lends itself to further simplification of the mean and the log-partition
functions, as well as the latter’s Gradient and Hessian expressions:

6



2019 Bassam El Khoury Seguias c©

• First, note that in this case, the form of the distribution reduces to:

p(y; η, ρ) = b(y, ρ) eρ [ ηT T (y) − [q(η)]T q(η) ] (10)

By defining a : Rp → R to be the map taking η to a(η) = [q(η)]T q(η), we can
rewrite the probability distribution as:

p(y; η, ρ) = b(y, ρ) eρ [ ηT T (y) − a(η) ] (11)

It becomes clear that the log-partition function can be expressed as:

c(η, ρ) = ρ a(η) (12)

• The Gradient of the log-partition function can also be simplified and written as:

(5ηc)
T = ρ (5ηa)T (13)

Equation (13) coupled with equation (4) demonstrate that:

h(η) = E[ T (y); η ] = (5η a)T (14)

An important observation is that in this case, the mean function h does not
depend on the dispersion parameter ρ. It is completely determined by
the natural parameter η.

• Lastly, note that equation (12) shows that:

∂2c

∂ηj∂ηk
= ρ

∂2a

∂ηj∂ηk
(15)

Coupled with equation (5), equation (12) allows us to conclude that:

Cov[ [T (y)]j, [T (y)]k; η, ρ ] =
1

ρ

∂2a

∂ηj∂ηk
(16)

An important implication is that the Hessian of a with respect to η is a positive
multiple of a covariance matrix and is hence positive semi-definite. This shows
that a is convex in η.
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3 GLM’s Cost Function, Gradient and Hessian

The long form basic Cost Function: In order to compute h(Θx,Λ) and conduct
predictions on a given input x, one first needs to decide on the dispersion matrix Λ and
the matrix Θ of coefficients. The performance of the predictive model will be dictated
by the choice of Θ and Λ. In our supervised learning setting, these two matrices will be
jointly determined by:

• The pre-defined training set ∪mi=1 {(x(i), y(i))} for a given integer m ≥ 1.

• The choice of an objective function to optimize. We refer to it as the Cost
Function, denote it by J and define it as a map that takes Θ and Λ as inputs
and that outputs a real number. For the purpose of this note, we derive J by
applying the principle of Maximum Likelihood which we describe next.

Define the likelihood function L associated with a training set ∪mi=1 {(x(i), y(i))} to be

L : Rp×(n+1) × Rp×p → (0, 1]

(Θ,Λ)→ L(Θ,Λ) = p(y(1), ..., y(m) | x(1), ..., x(m); Θ,Λ)

Our objective is to find the matrices Θ and Λ that maximize L. To proceed further, we
assume that ∀i ∈ {1, ...,m}, y(i) depends only on x(i). We get:

L(Θ,Λ) =

p(y(1) | y(2), ..., y(m), x(1), ..., x(m); Θ,Λ) × p(y(2), ..., y(m) | x(1), ..., x(m); Θ,Λ) =

p(y(1) | x(1); Θ,Λ) × p(y(2), ..., y(m) | x(1), ..., x(m); Θ,Λ) =

Πm
i=1 p(y

(i) | x(i); Θ,Λ)

The presence of products coupled with the exponential nature of the conditional
probability distribution makes it more appealing to invoke the natural logarithm
function. Most importantly, the logarithm function is increasing on the subset of
positive real numbers. This implies that maximizing the likelihood function L is
equivalent to maximizing the log-likelihood function l ≡ ln(L) over all possible choices
of Θ and Λ. We write:

l(Θ,Λ) = ln [ Πm
i=1 p(y

(i) | x(i); Θ,Λ) ] = Σm
i=1 ln [ p(y(i) | x(i); Θ,Λ) ] =

Σm
i=1 ln [ b(y(i),Λ) e[ (x(i))T ΘT Λ T (y(i)) − c(Θx(i),Λ) ]] =

Σm
i=1 ln ( b(y(i),Λ) ) + Σm

i=1 [ (x(i))T ΘT Λ T (y(i)) − c(Θx(i),Λ) ]

Finally, note that maximizing l is equivalent to minimizing (− l
m

). We thus define the
long form basic Cost Function to be the function:

J (LB) : Rp×(n+1) × Rp×p → R that maps (Θ,Λ) to:
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J (LB)(Θ,Λ) =
1

m
Σm
i=1 [ c(Θx(i),Λ)− (x(i))T ΘT Λ T (y(i)) − ln ( b(y(i),Λ )) ] (17)

We use the descriptor long form to distinguish it from a shorter form associated with
the special case of a dispersion matrix Λ equal to a scalar multiple of the identity
matrix. On the other hand, the basic attribute will be contrasted with a more general
counterpart that will incorporate weights and a regularization parameter as we will see
shortly.

The optimal values Θ∗ and Λ∗ must satisfy:

(Θ∗,Λ∗) = argmin(Θ,Λ) J
(LB)(Θ,Λ)

The long form general Cost Function: We can generalize further the Cost
Function by accounting for two additional factors:

1. At times, when conducting a prediction on an input x ∈ Rn+1, one might want to
give more weight to training set points that are in the vicinity of x. One common
way of doing so is by invoking a particular weight function w defined as follows:

w : Rn+1 × Rn+1 → R

(x, t) → e−
1

2τ2 (t−x)T (t−x)

Given an input x on which a prediction needs to be conducted, one can evaluate
w at the different training points x(i), i ∈ {1, ...,m}. We let w

(i)
x denote the

quantity e−
1

2τ2 (x(i)−x)T (x(i)−x) and refer to it as the weight attributed to the ith

training point associated with input x.

Different values of x yield different weights attributed to the same training point.
Moreover, larger values of the bandwidth paramter τ result in more inputs in the
neighborhood of x being attributed higher weights. In the extreme case when
τ →∞, all training set inputs get a weight of 1.

2. It is common practice in convex optimization to introduce a regularization
component to the objective function. The purpose of it is to penalize high values
of the optimization variables. In our case, the optimization variables consist of:

• The matrix of coefficients Θ = [Θ1 .. Θp]
T where Θj = [θj1 ... θj(n+1)]

T for
j ∈ {1, ..., p}.
• The dispersion matrix Λ = [Λ1 .. Λp]

T where Λj = [ρj1 ... ρjp]
T for

j ∈ {1, ..., p}.

The regularization term is usually proportional to the size of the variable, where
size is measured according to some norm (e.g., L2 or L1). In our case, we add a
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regularization term given by λ
2

Σp
j=1 [ΘT

j Θj + ΛT
j Λj]. The λ variable is the

proportionality constant and the other factor is the sum of the squares of the L2
norm of each Θj and each Λj, j ∈ {1, ..., p}.

Given a specific x and λ, we denote the corresponding long form general Cost
Function by J

(LG)
x,λ . The subscripts are meant to highlight the potential dependence on

weights (as dictated by the input x) and on the regularization parameter λ. We have:

J
(LG)
x,λ : Rp×(n+1) × Rp×p → R

(Θ,Λ)→

J
(LG)
x,λ (Θ,Λ) =

1

m
Σm
i=1 w

(i)
x { c(Θx(i),Λ) −

(x(i))T ΘT Λ T (y(i)) − ln (b(y(i),Λ)) } +
λ

2
Σp
j=1 [ ΘT

j Θj + ΛT
j Λj ]

(18)

An important observation is that J
(LG)
x,λ is convex in Θ. To see why, recall from section 2

that the map c is convex in η. Furthermore, η = Θx(i) is linear in Θ and so c(Θx(i)) is
convex in Θ. Moreover, −(x(i))T ΘT T (yi) is linear in Θ and thus convex. Finally, one
can easily show that Σp

j=1 ΘT
j Θj is also convex in Θ. Being a positively scaled sum of

convex functions, J
(LG)
x,λ is thus convex in Θ. This in turn implies the existence of a

globally minimizing value Θ∗.

In addition, note that all the terms appearing in J
(LG)
x,λ are convex in Λ (recall that we’ve

seen in section 2 that the log-partition function c is convex in Λ), except possibly for the
term −ln( b(y(i), Λ) ). If b(y(i), Λ) is convex in Λ, then so will −ln( b(y(i), Λ) ), and as

a result, so will J
(LG)
x,λ . This would then imply the existence of a globally minimizing Λ∗.

The long form general Cost Function’s Gradient: We define the Gradient of
J

(LG)
x,λ with respect to matrices Θ and Λ to be the map:

5 (J
(LG)
x,λ ) : Rp×(n+1) × Rp×p → Rp×(p+n+1)

(Θ,Λ) →

5Θ,Λ (J
(LG)
x,λ ) = [ 5Θ (J

(LG)
x,λ ) 5Λ (J

(LG)
x,λ ) ] (19)

where, 5Θ (J
(LG)
x,λ ) and 5Λ (J

(LG)
x,λ ) are defined as follows:

5Θ (J
(LG)
x,λ ) =

5Θ1 (J
(LG)
x,λ )

...

5Θp (J
(LG)
x,λ )

 =


∂J

(LG)
x,λ

∂θ11
..

∂J
(LG)
x,λ

∂θ1(n+1)

.. .. ..
∂J

(LG)
x,λ

∂θp1
..

∂J
(LG)
x,λ

∂θp(n+1)
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and

5Λ (J
(LG)
x,λ ) =

5Λ1 (J
(LG)
x,λ )

...

5Λp (J
(LG)
x,λ )

 =


∂J

(LG)
x,λ

∂ρ11
..

∂J
(LG)
x,λ

∂ρ1p

.. .. ..
∂J

(LG)
x,λ

∂ρp1
..

∂J
(LG)
x,λ

∂ρpp



Note that ∀i ∈ {1, ..., p}, 5Θi (J
(LG)
x,λ ) and 5Λi (J

(LG)
x,λ ), are taken to be one-forms

(being covariant derivatives of the scalar function J
(LG)
x,λ in the directions of vector Θi

and Λi respectively). We subsequently represent them in Euclidean space as row vectors.

For any 1 ≤ k ≤ p and 1 ≤ j ≤ (n+ 1), The (kj)th component of 5Θ(J
(LG)
x,λ ) is given by:

∂J
(LG)
x,λ

∂θkj
= 1

m
Σm
i=1 w

(i)
x [ Σp

s=1
∂c
∂ηs

(Θx(i),Λ) ∂ηs
∂θkj
− x(i)

j [Λ T (y(i))]k ] + λθkj

Recall that by design, we chose η ≡ [η1 .. ηp]
T = Θx, and so ηs = ΘT

s x. As a result, the
only value of s for which ηs contains the term θkj is s = k. We simplify to obtain:

∂J
(LG)
x,λ

∂θkj
= 1

m
Σm
i=1 w

(i)
x [ ∂c

∂ηk
(Θx(i),Λ) ∂ηk

∂θkj
− x(i)

j [Λ T (y(i))]k ] + λθkj

And hence conclude that:

∂J
(LG)
x,λ

∂θkj
=

1

m
Σm
i=1 w

(i)
x [

∂c

∂ηk
(Θx(i),Λ) x

(i)
j − x

(i)
j [Λ T (y(i))]k ] + λθkj (20)

Similarly, one finds that for 1 ≤ k, j ≤ p, The (kj)th component of 5Λ(J
(LG)
x,λ ) is:

∂J
(LG)
x,λ

∂ρkj
=

1

m
Σm
i=1 w

(i)
x {

∂c

∂ρkj
(Θx(i),Λ) −

[Θx(i)]k [T (y(i))]j −
1

b(y(i),Λ)

∂b

∂ρkj
(y(i),Λ) } + λρkj

(21)

The long form general Cost Function’s Hessian: Let α be the column vector
∈ Rp(p+n+1) whose components are given by:

[θ11 .. θ1(n+1) .. θp1 .. θp(n+1) ρ11 .. ρ1p .. ρp1 .. ρpp]
T

We define the Hessian of the Cost Function J
(LG)
x,λ with respect to matrices Θ and Λ to

be the map:
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H(J
(LG)
x,λ ) : Rp×(n+1) × Rp×p → Rp(p+n+1)×p(p+n+1)

(Θ,Λ)→ HΘ,Λ (J
(LG)
x,λ ) =


∂2J

(LG)
x,λ

∂α1∂α1
..

∂2J
(LG)
x,λ

∂α1∂αp(p+n+1)

.. .. ..
∂2J

(LG)
x,λ

∂αp(p+n+1)∂α1
..

∂2J
(LG)
x,λ

∂αp(p+n+1)∂αp(p+n+1)



We consider three cases:

• For 1 ≤ u, k ≤ p, 1 ≤ v, j ≤ (n+ 1), the
∂2J

(LG)
x,λ

∂θuv∂θkj
component of HΘ,Λ (J

(LG)
x,λ ) is:

∂
∂θuv
{ 1

m
Σm
i=1 w

(i)
x [ ∂c

∂ηk
(Θx(i),Λ) x

(i)
j − x

(i)
j [Λ T (y(i))]k ] + λθkj } =

1
m

Σm
i=1 w

(i)
x x

(i)
j

∂
∂θuv

[ ∂c
∂ηk

(Θx(i),Λ) ] + λδukδvj

Let f ≡ ∂c
∂ηk

and g the map that takes (η,Λ) to g(η,Λ) = (Θx(i),Λ). The chain
rule allows us to write:

∂
∂θuv

(f ◦ g) = Σp
s=1

∂f
∂ηs

(Θx(i),Λ) ∂ηs
∂θuv

= Σp
s=1

∂2c
∂ηs∂ηk

(Θx(i),Λ) ∂ηs
∂θuv

Since ηs = ΘT
s x, we get ∂ηs

∂θuv
= 0 whenever s 6= u. As a result:

∂
∂θuv

(f ◦ g) = ∂2c
∂ηu∂ηk

(Θx(i),Λ) x
(i)
v

We conclude that:

∂2J
(LG)
x,λ

∂θuv∂θkj
=

1

m
Σm
i=1 w

(i)
x x

(i)
j x(i)

v

∂2c

∂ηu∂ηk
(Θx(i),Λ) + λδukδvj (22)

• For 1 ≤ u, k, v, j ≤ p, the
∂2J

(LG)
x,λ

∂ρuv∂ρkj
component of HΘ,Λ (J

(LG)
x,λ ) is given by:

∂
∂ρuv
{ 1
m

Σm
i=1 w

(i)
x [ ∂c

∂ρkj
(Θx(i),Λ) −

[Θx(i)]k [T (y(i))]j − 1
b(y(i),Λ)

∂b
∂ρkj

(y(i),Λ) ] + λρkj}

We get:

12
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∂2J
(LG)
x,λ

∂ρuv∂ρkj
=

1

m
Σm
i=1 w

(i)
x {

∂2c

∂ρuv∂ρkj
(Θx(i),Λ) +

1

[b(y(i),Λ)]2
[
∂b

∂ρuv
(y(i),Λ)

∂b

∂ρkj
(y(i),Λ) − b(y(i),Λ)

∂2b

∂ρuv∂ρkj
(y(i),Λ) ] }

+ λδukδvj

(23)

• For 1 ≤ u, k, v ≤ p, 1 ≤ j ≤ (n+ 1), the
∂2J

(LG)
x,λ

∂ρuv∂θkj
and

∂2J
(LG)
x,λ

∂θkj∂ρuv
components of

HΘ,Λ (J
(LG)
x,λ ) are equal and are given by:

∂
∂ρuv
{ 1

m
Σm
i=1 w

(i)
x [ ∂c

∂ηk
(Θx(i),Λ) x

(i)
j − x

(i)
j [Λ T (y(i))]k ] + λθkj }

We get:

∂2J
(LG)
x,λ

∂ρuv∂θkj
=

∂2J
(LG)
x,λ

∂θkj∂ρuv
=

1

m
Σm
i=1 w

(i)
x [

∂2c

∂ρuv∂ηk
(Θx(i),Λ) x

(i)
j − x

(i)
j [T (y(i))]v δuk ]

(24)

The short form basic Cost Function: With the exception of the multivariate
Gaussian distribution, all the other probability distributions that we consider in this
note have a dispersion matrix that is a positive scalar multiple of the identity matrix.
For this particular case, equations (12) and (14) in section 2 showed that:

• The log partition function is given by c(η, ρ) = ρ a(η), where ρ is now a positive
scalar and η is the natural parameter vector.

• The mean function h is independent of the dispersion parameter ρ and depends
solely on the natural parameter η. We write h(η) = h(Θx) for a given coefficient
matrix Θ and input vector x.

In what follows, we simplify the expression of the Cost Function associated with such a
case and derive simpler formulae for the components of its Gradient and its Hessian. By
substituting the matrix Λ with ρIp (where ρ ∈ R+ and p ≥ 1) in equation (17), and by
applying equation (12), we can write:

J (LB)(Θ, ρ) = 1
m

Σm
i=1 [ ρ a(Θx(i)) − ρ (x(i))T ΘT T (y(i)) − ln ( b(y(i), ρ) ) ]

Minimizing J (LB) with respect to Θ is equivalent to minimizing the following quantity
with respect to Θ:

1
m

Σm
i=1 [ ρ a(Θx(i)) − ρ (x(i))T ΘT T (y(i)) ]

13
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And since ρ is a positive scalar, the optimal value of Θ that minimizes this quantity is
the same as the one that minimizes the following quantity:

J (SB)(Θ) =
1

m
Σm
i=1 [ a(Θx(i)) − (x(i))T ΘT T (y(i)) ] (25)

We refer to J (SB) as the short form basic Cost Function. An important observation
is that J (SB) depends exclusively on Θ. And since in this particular case the mean
function h also depends only on Θ, one can find the optimal coefficient matrix by
minimizing J (SB) and then plugging it into h to conduct predictions.

Equally important is the fact that J (SB) is convex in Θ. The proof is similar to the one
we previously used to establish the convexity of J

(LG)
x,λ in Θ.

The short form general Cost Function: The same approach used to derive the
long form general Cost Function from its basic counterpart can be applied to obtain the
following short form general Cost Function:

Given a specific x and λ, the corresponding short form general Cost Function is
the map J

(SG)
x,λ : Rp×(n+1) → R that takes Θ to:

J
(SG)
x,λ (Θ) =

1

m
Σm
i=1 w

(i)
x [ a(Θx(i)) − (x(i))T ΘT T (y(i)) ] +

λ

2
Σp
j=1 ΘT

j Θj (26)

The short form general Cost Function’s Gradient: We define the Gradient of
J

(SG)
x,λ with respect to the matrix Θ to be the map:

5 (J
(SG)
x,λ ) : Rp×(n+1) → Rp×(n+1)

Θ → 5Θ (J
(SG)
x,λ ) =

5Θ1 (J
(SG)
x,λ )

...

5Θp (J
(SG)
x,λ )

 =


∂J

(SG)
x,λ

∂θ11
..

∂J
(SG)
x,λ

∂θ1(n+1)

.. .. ..
∂J

(SG)
x,λ

∂θp1
..

∂J
(SG)
x,λ

∂θp(n+1)



For 1 ≤ k ≤ p and 1 ≤ j ≤ (n+ 1), The (kj)th component of 5Θ (J
(SG)
x,λ ) is given by:

∂J
(SG)
x,λ

∂θkj
= 1

m
Σm
i=1 w

(i)
x [ Σp

s=1
∂a
∂ηs

(Θx(i)) ∂ηs
∂θkj

− x(i)
j [T (y(i))]k ] + λθkj

Recall that by design, we chose η ≡ [η1 .. ηp]
T = Θx, and so ηs = ΘT

s x. As a result, the
only value of s for which ηs contains the term θkj is s = k. This allows us to write

∂J
(SG)
x,λ

∂θkj
= 1

m
Σm
i=1 w

(i)
x [ ∂a

∂ηk
(Θx(i)) ∂ηk

∂θkj
− x

(i)
j [T (y(i))]k ] + λθkj

14
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And hence conclude that:

∂J
(SG)
x,λ

∂θkj
=

1

m
Σm
i=1 w

(i)
x [

∂a

∂ηk
(Θx(i)) x

(i)
j − x

(i)
j [T (y(i))]k ] + λθkj (27)

The short form general Cost Function’s Hessian: We define the Hessian of
J

(SG)
x,λ with respect to the matrix Θ to be the map:

H(J
(SG)
x,λ ) : Rp×(n+1) → Rp(n+1)×p(n+1)

Θ → HΘ (J
(SG)
x,λ ) =

(H11)Θ .. (H1p)Θ

.. .. ..
(Hp1)Θ .. (Hpp)Θ

 (J
(SG)
x,λ )

where ∀u, k ∈ {1, ..., p}, the block matrix (Huk)Θ (J
(SG)
x,λ ) ∈ R(n+1)×(n+1) is given by

(Huk)Θ (J
(SG)
x,λ ) =


∂2J

(SG)
x,λ

∂θu1∂θk1
..

∂2J
(SG)
x,λ

∂θu1∂θk(n+1)

.. .. ..
∂2J

(SG)
x,λ

∂θu(n+1)∂θk1
..

∂2J
(SG)
x,λ

∂θu(n+1)∂θk(n+1)



For 1 ≤ u, k ≤ p and 1 ≤ v, j ≤ (n+ 1), the components of HΘ (J
(SG)
x,λ ) are given by

∂2J
(SG)
x,λ

∂θuv∂θkj
= ∂

∂θuv
{ 1

m
Σm
i=1 w

(i)
x [ ∂a

∂ηk
(Θx(i)) x

(i)
j − x

(i)
j [T (y(i))]k ] + λθkj } =

1
m

Σm
i=1 w

(i)
x x

(i)
j

∂
∂θuv

[ ∂a
∂ηk

(Θx(i)) ] + λδukδvj

Let f ≡ ∂a
∂ηk

and g be the function mapping η to g(η) = Θx(i). The chain rule allows us
to write:

∂
∂θuv

(f ◦ g) = Σp
s=1

∂f
∂ηs

(Θx(i)) ∂ηs
∂θuv

= Σp
s=1

∂2a
∂ηs∂ηk

(Θx(i)) ∂ηs
∂θuv

Since ηs = ΘT
s x, we conclude that:

∂2J
(SG)
x,λ

∂θuv∂θkj
=

1

m
Σm
i=1 w

(i)
x x

(i)
j x(i)

v

∂2a

∂ηu∂ηk
(Θx(i)) + λδukδvj (28)

15



2019 Bassam El Khoury Seguias c©

4 Matricial formulation of the Cost Function, its

Gradient, and its Hessian

In this section, we limit ourselves to the short form general Cost Function J
(SG)
x,λ .

Since there is no room for confusion, we will drop the superscript (SG), refer to it
simply as the Cost Function and denote it by J(x,λ). In order to derive a concise
notation for Jx,λ, its Gradient 5(Jx,λ), and its Hessian H(Jx,λ), we first introduce
relevant vectorial and matricial quantities. In what follows, we recall that p denotes the
dimension of the sufficient statistic T (y), r denotes that of y, n denotes the number of
input features and m denotes the number of training examples.

• The coefficient matrix Θ ∈ Rp×(n+1) is given by:

Θ =

ΘT
1

...
ΘT
p

 =

θ11 .. θ1(n+1)

.. .. ..
θp1 .. θp(n+1)



• The design matrix X ∈ Rm×(n+1) is given by:

X =

x(1)T

...
x(m)T

 =

1 x
(1)
1 .. x

(1)
n

1 .. .. ..

1 x
(m)
1 .. x

(m)
n



• The target matrix Y ∈ Rm×r for some r ≥ p is given by:

Y =

y(1)T

...
y(m)T

 =

y(1)
1 .. y

(1)
r

.. .. ..

y
(m)
1 .. y

(m)
r



• The sufficient statistic matrix T ∈ Rm×p is given by:

T =

T (y(1))T

...
T (y(m))T

 =

 t(1)
1 .. t

(1)
p

.. .. ..

t
(m)
1 .. t

(m)
p



• The weight matrix Wx ∈ Rm×m associated with input x and weight function
wx : Rn+1 → R is given by:

Wx =


w

(1)
x 0 0 .. 0

0 w
(2)
x 0 .. 0

.. .. .. .. ..

0 0 0 .. w
(m)
x
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• The regularization matrix Lλ ∈ R(n+1)×(n+1) associated with parameter λ ∈ R
is given by:

Lλ =


λ 0 0 .. 0
0 λ 0 .. 0
.. .. .. .. ..
0 0 0 .. λ


• The log-partition vector AΘ ∈ Rm associated with the log-partition function
a : Rp → R that maps η ≡ [η1 ... ηp]

T to a(η) = [q(η)]T q(η) is given by:

AΘ =

a(Θx(1))
...

a(Θx(m))


• The log-partition Gradient matrix DΘ ∈ Rp×m is given by:

DΘ =

 ∂a
∂η1

(Θx(1)) .. ∂a
∂η1

(Θx(m))

.. .. ..
∂a
∂ηp

(Θx(1)) .. ∂a
∂ηp

(Θx(m))


• The second order diagonal matrix (Suk)Θ ∈ Rm×m where u, k ∈ {1, ..., p} is

given by:

(Suk)Θ =


∂2a

∂ηu∂ηk
(Θx(1)) 0 0 .. 0

0 ∂2a
∂ηu∂ηk

(Θx(2)) 0 .. 0

.. .. .. .. ..

0 0 0 .. ∂2a
∂ηu∂ηk

(Θx(m))


• The unit vector 1m ∈ Rm is given by:

1m =

 1
...
1


The Cost Function in matrix form: Suppose U ∈ Ra×b, M ∈ Rb×c, V ∈ Rc×d, and
let u(i)T denote the ith row of U and v(j) the jth column of V. If P ≡ UMV ∈ Ra×d, one
can easily see that Pij = u(i)TMv(j).

Substituting U,M and V with matrices X, ΘT and T T respectively, one concludes that
the diagonal elements of X ΘT T T are given by x(i)T ΘT T (y(i)), i ∈ {1, ...,m}.
Furthermore, multiplying this matricial product by the diagonal weight matrix Wx, one
can see that the diagonal elements of the product X ΘT T T Wx are given by
w

(i)
x x(i)T ΘT T (y(i)), i ∈ {1, ...,m}.

As a result, we can rewrite equation (26) more concisely in matrix form as:

Jx,λ(Θ) =
1

m
[ 1Tm Wx AΘ − Tr(X ΘT T T Wx) ] +

λ

2
Tr( Θ ΘT ) (29)

17
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The Gradient of the Cost Function in matrix form: Using the same observation
made in the previous paragraph regarding the product of three matrices, one can
rewrite equation (27) in a more concise matrix notation as follows:

5Θ (Jx,λ) =
1

m
[ (DΘ − T T ) Wx X ] + Θ Lλ (30)

The Hessian of the Cost Function in matrix form: Similary, we can rewrite
equation (28) in matrix notation as follows:

∀u, k ∈ {1, ..., p},

(Huk)Θ (Jx,λ) =
1

m
XT (Suk)Θ Wx X , if u 6= k

(Huk)Θ (Jx,λ) =
1

m
XT (Suk)Θ Wx X + Lλ , if u = k

(31)

5 Algorithms to minimize the convex Cost Function

In this section too, we limit ourselves to the short form general Cost Function Jx,λ.

Our objective is to find the optimal Θ∗ = argminΘ Jx,λ(Θ). If the weight functions w
(i)
x

are independent of x for all training examples i = 1, ...,m, then Θ∗ will not depend on x
and once it is computed for a given input, it can be stored and used for all other inputs.
This is known as a parametric setting. If the weight functions depend on x, then each x
will have a different Θ∗x associated with it. This procedure is known as non-parametric
and is clearly computationally more demanding than its parametric counterpart. In
what follows, we introduce three numerical methods for finding Θ∗ :

1. Batch Gradient Descent (BGD): Suppose f : R→ R is a differentiable convex
function of one variable. Starting at any x0 ∈ R, one can get f ′(x0) ≡ df

dx
(x0). If

its negative (positive), then at x0 the function is decreasing (increasing). As a
result, to get closer to the value of x∗ that minimizes f, one can try a value
x1 > x0 (x1 < x0).

One way of updating the value of x0 is by letting x1 ← x0 − αf ′(x0), for some
positive learning rate α ∈ R+. This procedure can be repeated until convergence.
Note however, that the choice of α is critical since too large a value will cause
divergence, while a value that is too small will cause slow convergence.

18
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The same can be said of differentiable functions of p variables (p > 1) where this
logic gets applied to each variable. In this context, f ′ is replaced by the Gradient
of f and the learning rate α by the learning rate matrix R ∈ Rp×p defined as:

R =


α 0 0 .. 0
0 α 0 .. 0
.. .. .. .. ..
0 0 0 .. α


One can estimate the optimal matrix Θ∗ by running the following algorithm
known as Batch Gradient Descent (BGD). We let iter denote an iteration count
variable and max-iter denote the maximum number of allowed iterations before
testing for convergence:

Θ(curr) ← Initialize()
(It could be initialized to e.g., the zero p by (n+ 1) matrix).

For (iter < max-iter)
{

Θ(new) = Θ(curr) −R 5Θ(curr) (Jx,λ)

Θ(curr) ← Θ(new)

Update all the Θ-dependent quantities including
i. ) AΘ

ii. ) DΘ

iii.) Jx,λ(Θ)
iv. )5Θ (Jx,λ)

}

19
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So ∀k ∈ {1, .., p}, j ∈ {1, .., (n+ 1)}, the following update is performed:

(θkj)
(new) ← (θkj)

(curr) − α ∂Jx,λ
∂(θkj)(curr) ,

where we have:

∂Jx,λ
∂θkj

= 1
m

Σm
i=1 w

(i)
x [ ∂a

∂ηk
(Θx(i)) x

(i)
j − x

(i)
j t

(i)
k ] + λθkj and t

(i)
k ≡ [T (y(i))]k

Note that BGD requires that all the entries of the new coefficient matrix Θ(new) be
simultaneously updated before they can be used in the next iteration.

2. Stochastic Gradient Descent (SGD): In BGD, everytime we updated the
value of θkj we had to perform a summation over all training examples as

mandated by
∂Jx,λ
∂θkj

. In SGD, we drop the summation in order to achieve faster

updates of the coefficients. In other terms, for each training example 1 ≤ i ≤ m,
SGD conducts the following update round ∀k ∈ {1, .., p}, j ∈ {1, .., (n+ 1)}:

(θkj)
(new) ← (θkj)

(curr) − α
m
w

(i)
x [ ∂a

∂ηk
(Θ(curr) x(i)) x

(i)
j − x

(i)
j t

(i)
k ] + λ(θkj)

(curr)

The entries of the new coefficient matrix Θ(new) must all get simultaneously
updated for each training example in each iteration before they can be used in the
next instance. SGD usually achieves acceptable convergence faster than BGD,
especially when the size m of the training set is very large

In order to describe the SGD algorithm in a more concise matrix form, we define a
set of m new matrices Stoch

(i)
Θ (Jx,λ) ∈ Rp×(n+1), 1 ≤ i ≤ m given by:


w

(i)
x

m
[ ∂a
∂η1

(Θx(i))x
(i)
1 − x

(i)
1 t

(i)
1 ] + λθ11 .. w

(i)
x

m
[ ∂a
∂η1

(Θx(i))x
(i)
(n+1) − x

(i)
(n+1)t

(i)
1 ] + λθ1(n+1)

.. .. ..

.. .. ..
w

(i)
x

m
[ ∂a
∂ηp

(Θx(i))x
(i)
1 − x

(i)
1 t

(i)
p ] + λθp1 .. w

(i)
x

m
[ ∂a
∂ηp

(Θx(i))x
(i)
(n+1) − x

(i)
(n+1)t

(i)
p ] + λθp(n+1)



SGD is a variant of BGD that runs the following algorithm:

Θ(curr) ← Initialize()
(It could be initialized to e.g., the zero p by (n+ 1) matrix).

For (iter < max-iter)
{

For (i = 1, ...,m)
{

Θ(new) = Θ(curr) −R Stoch
(i)

Θ(curr)(Jx,λ)

Θ(curr) ← Θ(new)
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Update all the Θ-dependent quantities including
i. ) AΘ

ii. ) DΘ

iv.) Jx,λ(Θ)

v. ) Stoch
(i (mod m) + 1)
Θ (Jx,λ)

}
}

3. Newton-Raphson (NR): The choice of the learning rate α used in BGD and
SGD is of special importance since it can either cause divergence or help achieve
faster convergence. One limiting factor in the implementation of the previous
Gradient descent algorithms is the fixed nature of α. Computational complexity
aside, it would be beneficial if at every iteration, the algorithm could dynamically
choose an appropriate α so as to reduce the number of steps needed to ahieve
convergence. Enters the Newton Raphson (NR) method.

To motivate it, we lean on a Taylor series expansion of the Cost Function Jx,λ
about a point (i.e., coefficient matrix) Θ(curr) up to first order. We get:

Jx,λ(Θ) ≈ Jx,λ(Θ
(curr)) + Σp

u=1 Σn+1
k=1

∂Jx,λ
∂θuk

(Θ(curr)) (θuk − θ(curr)
uk )

If we want to get to the optimal Θ in one step, we need to set
∂Jx,λ
∂θij

to 0 when

evaluated at Θ, ∀i ∈ {1, ..., p} and j ∈ {1, ..., (n+ 1)}. Taking the first derivative
with respect to θij of the right and left hand sides of the approximation, and

noting that Jx,λ(Θ
(curr)) is a constant and ∀ 1 ≤ u, k ≤ p, θ

(curr)
uk are constants, we

get:

∂Jx,λ
∂θij

(Θ) ≈ 0 + Σp
u=1 Σn+1

k=1 {
∂2Jx,λ
∂θij∂θuk

(Θ(curr)) (θuk − θ(curr)
uk ) } +

∂Jx,λ
∂θij

(Θ(curr))

Setting
∂Jx,λ
∂θij

(Θ) to 0 for all i ∈ {1, .., p}, j ∈ {1, .., (n+ 1)}, we get:

Σp
u=1 Σn+1

k=1 {
∂2Jx,λ
∂θij∂θuk

(Θ(curr)) (θuk − θ(curr)
uk ) } +

∂Jx,λ
∂θij

(Θ(curr)) = 0

Recall that Θ and 5Θ (Jx,λ) are both elements of Rp×(n+1). We define the
vectorized versions of Θ and 5Θ (Jx,λ) to be the elements of Rp(n+1) given by:

vect(Θ) ≡


Θ1

..

..
Θp

 =



θ11

..
θ1(n+1)

..

..
θp1
..

θp(n+1)


vect(5Θ (Jx,λ)) ≡


[5Θ1 (Jx,λ)]

T

..

..
[5Θp (Jx,λ)]

T

 =



∂Jx,λ
∂θ11

..
∂Jx,λ

∂θ1(n+1)

..

..
∂Jx,λ
∂θp1

..
∂Jx,λ

∂θp(n+1)
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We can subsequently write the above conditions in a more concise matrix form as
follows:

HΘ(curr)(Jx,λ) vect(Θ−Θ(curr)) + vect(5Θ(curr) (Jx,λ)) = 0

Which gives the following NR algorithm:

Θ(curr) ← Initialize()
(It could be initialized to e.g., the zero p by (n+ 1) matrix).

For (iter < max-iter)
{

vect(Θ(new)) ← vect(Θ(curr)) − [HΘ(curr) (Jx,λ)]
−1 vect(5Θ(curr) (Jx,λ))

Θ(curr) ← Θ(new)

Update all the Θ-dependent quantities including
i. ) AΘ

ii. ) DΘ

iii.) (Suk)Θ, u, k = 1, ..., p
iv.) Jx,λ(Θ)
v. ) 5Θ (Jx,λ)
vi.) HΘ (Jx,λ)

}

Here too, the update rule is simultaneous. This means that we keep using Θ(curr)

until all entries have been calculated, at which point we update Θ(curr) to Θ(new).

NR is usually faster to converge when measured in terms of number of iterations.
However, convergence depends on the invertibility of the Hessian at each iteration.
This is not always guaranteed (e.g., multinomial classification with more than two
classes). Alternatively, one could circumvent this problem by applying a modified
version of NR as described in e.g., [2]. Furthermore, even when convergence is
guaranteed, NR can be computationally taxing due to the matrix inversion
operation at each iteration. Taking that into account, usage of NR is usually
preferred whenever the dimensions of H are small (i.e., small p and n).

6 Specific distribution examples

In what follows, we consider a number of probability distributions whose dispersion
matrix is of the form ρIp where ρ is a positive dispersion scalar and Ip is the (p× p)
identity matrix for p ≥ 1. In order to devise the relevant discriminative supervised
learning model associated with an instance of the class of such distributions, we proceed
as follows:

Step 1: Identify the dimensions of the target matrix Y ∈ Rm×r, where m is the
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number of training examples and r the dimension of each output.

Step 2: Identify the natural parameter η ∈ Rp and dispersion parameter ρ ∈ R
associated with the exponential distribution, compute the sufficient statistic
matrix T ∈ Rm×p, compute the non-negative base measure b(y, ρ) and derive the
log-partition function a : Rp → R. Identify the dimensions of the coefficient matrix
Θ ∈ Rp×(n+1).

Step 3: Compute the set of p functions ∂a
∂ηk

: Rp → R, ∀k ∈ {1, ..., p}.

Step 4: If needed (e.g., in the case of NR algorithm), compute the set of p2

functions ∂2a
∂ηu∂ηk

: Rp → R, ∀u, k ∈ {1, ..., p}.

Step 5: Compute the log-partition vector AΘ ∈ Rm.

Step 6: Compute the log-partition Gradient matrix DΘ ∈ Rp×m.

Step 7: If needed (e.g., in the case of NR algorithm), compute the set of p2

second order diagonal matrices (Suk)Θ ∈ Rm×m.

Step 8: Compute the Cost Function Jx,λ(Θ), its Gradient 5Θ (Jx,λ) and its
Hessian HΘ (Jx,λ).

Step 9: Calculate the optimal Θ∗ using e.g., BGD, SGD, NR or using a closed
form solution if applicable.

Step 10: Test the model on an adequate test set and then conduct predictions on
new input using the mean function h that maps η = Θx to

h(η) =

 ∂a
∂η1

(Θ x)

..
∂a
∂ηp

(Θ x)

 = E[T (y) | x; Θ]

i. The univariate Gaussian distribution: The corresponding probability
distribution is:

p(y; µ, σ) = 1√
(2πσ2)

e−
1

2σ2 (y−µ)2

We rewite it in an equivalent form that makes it easier to identify as a member of the
exponential family:

p(y; µ, σ) = [ 1√
(2πσ2)

e−
1

2σ2 y2

] e[ 1
σ2 ( µy − 1

2
µ2 ) ]

Step 1: The target matrix Y ∈ Rm×1. In other terms, each training example
i ∈ {1, ..,m} has a univariate output y associated with it.

Step 2: We identify the following quantities:

• The natural parameter η = µ ∈ R
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• The sufficient statistic is T (y) = y. Matrix T = Y ∈ Rm×1 (here, p = 1)

• The dispersion matrix is ρIp = 1
σ2 I1 = 1

σ2

• The non-negative base measure is b(y, ρ) =
√

ρ
(2π)

e−
1
2
ρy2

• The log-partition function maps η ∈ R to:

a(η) =
µ2

2
=

η2

2
∈ R

• The coefficient matrix is a row vector Θ ∈ R1×(n+1).

Step 3: The function ∂a
∂η

: R→ R is the identity map that takes η to η.

Step 4: If needed (e.g., in the case of NR algorithm), the function ∂2a
∂η2 : R→ R,

maps η to the constant value 1.

Step 5: The log-partition vector is given by:

AΘ =
1

2


(Θ x(1))2

..

..
(Θ x(m))2

 ∈ Rm

Step 6: The log-partition Gradient matrix is:

DΘ = [ Θ x(1) .. Θ x(m) ] ∈ R1×m

Step 7: If needed (e.g., in the case of NR algorithm), the second order diagonal
matrix (S11)Θ ∈ Rm×m is the m by m identity matrix Im.

Step 8: Compute the Cost Function Jx,λ(Θ), its Gradient 5Θ(Jx,λ) and its
Hessian HΘ(Jx,λ).

Step 9: Calculate the optimal Θ∗ using e.g., BGD, SGD, NR.

Step 10: Test the model on an adequate test set and then conduct predictions on
new input using the mean function h that maps η = Θ∗ x to:

h(η) = ∂a
∂η

(Θ∗ x) = Θ∗ x.

The supervised learning model associated with the univariate Gaussian distribution
coincides with the familiar linear regression model when we consider the short form
basic Cost Function J (SB). Recall that the basic form has no dependence on either the
regularization parameter λ or the input x. In this case, the weight matrix Wx is equal to
Im and the regularization matrix Lλ is equal to 0(n+1)×(n+1).

To see this equivalence, we rewrite equation (25) as:
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J (SB)(Θ) =
1

m
Σm
i=1 [ a(Θ x(i)) − [T (y(i))]T Θ x(i) ] =

1

m
Σm
i=1 [

1

2
(Θ x(i))2 − y(i) Θx(i) ] =

1

2m
Σm
i=1 (y(i) −Θx(i))2 − 1

2m
Σm
i=1 (y(i))2

Minimizing J (SB) over Θ is equivalent to minimizing Σm
i=1 (y(i) −Θx(i))2 over Θ. We

thus retrieve the familiar least-square model.

It also turns out that one can calculate the optimal coefficient matrix Θ∗ in closed form.
Recalling that J (SB) is convex in Θ, we can find Θ∗ by setting 5Θ J (SB) equal 0.
Substituting Wx with Im, Lλ with 0(n+1)×(n+1), T with Y and DΘ with Θ XT in
equation (30), we get:

5Θ (J (SB)) = 1
m

[ (Θ XT − Y T ) X ]

Setting this Gradient to 0 leads to the normal equation that allows us to solve for Θ∗

in closed form:

Θ∗ = (Y T X) (XT X)−1

ii. The Bernoulli (Binomial) distribution: The corresponding probability
distribution is:

p(y; φ) = φy (1− φ)(1−y)

where the outcome y is an element of {0, 1} and where p(y = 1) = φ and
p(y = 0) = (1− φ). We rewite it in an equivalent form that makes it easier to identify
as a member of the exponential family:

p(y; φ) = e[ y ln(φ) + (1−y) ln(1−φ) ] = e[ y ln( φ
1−φ ) + ln(1−φ) ]

Step 1: The target matrix Y ∈ {0, 1}m×1. In other terms, each training example
i ∈ {1, ..,m} has a binary output y associated with it.

Step 2: We identify the following quantities:

• The natural parameter η = ln( φ
1−φ) ∈ R (and so φ = eη

1+eη
)

• The sufficient statistic is T (y) = y. Matrix T = Y ∈ {0, 1}m×1 (here, p = 1)

• The dispersion matrix is ρ = Ip = I1 = 1

• The non-negative base measure is b(y, ρ) = b(y) = 1

• The log-partition function maps η ∈ R to:
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a(η) = −ln( 1− φ ) = ln( 1 + eη ) ∈ R

• The coefficient matrix is a row vector Θ ∈ R1×(n+1).

Step 3: The function ∂a
∂η

: R→ R maps η to eη

1 + eη

Step 4: If needed (e.g., in the case of NR algorithm), the function ∂2a
∂η2 : R→ R,

maps η to eη

(1 + eη)2

Step 5: The log-partition vector is given by:

AΘ =

 ln( 1 + eΘx(1)
)

..

ln( 1 + eΘx(m)
)

 ∈ Rm

Step 6: The log-partition Gradient matrix is:

DΘ = [
eΘx(1)

1 + eΘx(1)
..

eΘx(m)

1 + eΘx(m)
] ∈ R1×m

Step 7: If needed (e.g., in the case of NR algorithm), the second order diagonal
matrix (S11)Θ ∈ Rm×m is given by:

(S11)Θ =


eΘx

(1)

(1 + eΘx
(1)

)2
0 .. 0 0

0 eΘx
(2)

(1 + eΘx
(2)

)2
.. 0 0

0 0 .. 0 0

0 0 .. 0 eΘx
(m)

(1 + eΘx
(m)

)2


Step 8: Compute the Cost Function Jx,λ(Θ), its Gradient 5Θ (Jx,λ) and its
Hessian HΘ (Jx,λ).

Step 9: Calculate the optimal Θ∗ using e.g., BGD, SGD, NR.

Step 10: Test the model on an adequate test set and then conduct predictions on
new input using the mean function h (also known as the sigmoid function) that
maps η = Θ∗x to:

h(η) =
∂a

∂η
(Θ∗ x) =

eΘ∗x

1 + eΘ∗x
=

1

1 + e−Θ∗x

Note that:

E[ y | x; Θ ] = p(y = 1 | x; Θ)× 1 + p(y = 0 | x; Θ)× 0 = p(y = 1 | x; Θ)

Moreover, we know that:
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E[ y | x; Θ ] = E[ T (y) | x; Θ ] = h(Θ∗ x)

As a result, we conclude that:

p(y = 1 | x; Θ) = h(Θ∗ x)

This is none else than the familiar logistic regression model where we predict
y = 1 whenever h(Θ∗ x) ≥ 1

2
and y = 0 otherwise. This classification highlights

the presence of a decision boundary given by the set of inputs x that satisfy
Θ∗ x = 0. This is justified by the fact that h(Θ∗ x) ≥ 1

2
⇐⇒ Θ∗ x ≥ 0.

iii. The Poisson distribution: The probability distribution with poisson rate λ is:

p(y|; λ) =
λy e−λ

y!

The outcome y ∈ N is usually a count of an event occurrence. We can rewrite the
distribution in an equivalent form that makes it easier to identify as a member of the
exponential family:

p(y; λ) =
1

y!
e[ y ln(λ) − λ ]

Step 1: The target matrix Y ∈ Nm×1. In other terms, each training example
i ∈ {1, ..,m} has a non-negative integer output y associated with it.

Step 2: We identify the following quantities:

• The natural parameter η = ln(λ) ∈ R (and so λ = eη)

• The sufficient statistic is T (y) = y. Matrix T = Y ∈ Nm×1 (here, p = 1)

• The dispersion matrix is ρ = Ip = I1 = 1

• The non-negative base measure is b(y, ρ) = b(y) = 1
y!

• The log-partition function maps η ∈ R to:

a(η) = λ = eη ∈ R

• The coefficient matrix is a row vector Θ ∈ R1×(n+1).

Step 3: The function ∂a
∂η

: R→ R maps η to eη

Step 4: If needed (e.g., in the case of NR algorithm), the function ∂2a
∂η2 : R→ R,

maps η to eη
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Step 5: The log-partition vector is given by:

AΘ =

 eΘx(1)

..

eΘx(m)

 ∈ Rm

Step 6: The log-partition Gradient matrix is:

DΘ = [ eΘx(1)

.. eΘx(m)

] ∈ R1×m

Step 7: If needed (e.g., in the case of NR algorithm), The second order diagonal
matrix (S11)Θ ∈ Rm×m is given by:

(S11)Θ =


eΘx(1)

0 .. 0 0

0 eΘx(2)
.. 0 0

0 0 .. 0 0

0 0 .. 0 eΘx(m)


Step 8: Compute the Cost Function Jx,λ(Θ), its Gradient 5Θ (Jx,λ) and its
Hessian HΘ (Jx,λ).

Step 9: Calculate the optimal Θ∗ using e.g., BGD, SGD, NR.

Step 10: Test the model on an adequate test set and then conduct predictions on
new input using the mean function h that maps η = Θ∗ x to:

h(η∗) =
∂a

∂η
(Θ∗ x) = eΘ∗ x

Note that the range of h is R+, although the sufficient statistic is in N. This is
because the mean function outputs the expected value of the sufficient statistic. So
one would still need to map the expected value outputed by h to an integer in N.

iv. The Geometric distribution: The corresponding probability distribution is:

p(y; φ) = (1− φ)(y−1) φ

The outcome y is ∈ N+. The distribution calculates the probability of having a success
after exactly y trials, where the probability of success is equal to φ. We rewrite it in an
equivalent form that makes it easier to identify as a member of the exponential family:

p(y; φ) = e[ (y−1) ln(1−φ) + ln(φ) ] = e[ y ln(1−φ) + ln( φ
1−φ ) ]

Step 1: The target matrix Y ∈ (N+)m×1. In other terms, each training example
i ∈ {1, ..,m} has a positive integer output y associated with it.
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Step 2: We identify the following quantities:

• The natural parameter η = ln(1− φ) ∈ R (and so φ = 1− eη)
• The sufficient statistic is T (y) = y. Matrix T = Y ∈ Nm×1 (p = 1)

• The dispersion matrix is ρ = Ip = I1 = 1

• The non-negative base measure is b(y, ρ) = b(y) = 1

• The log-partition function maps η ∈ R to:

a(η) = −ln(
φ

1− φ
) = ln(

eη

1− eη
) ∈ R

• The coefficient matrix is a row vector Θ ∈ R1×(n+1).

Step 3: The function ∂a
∂η

: R→ R maps η to 1
1−eη

Step 4: If needed (e.g., in the case of NR algorithm), the function ∂2a
∂η2 : R→ R,

maps η to eη

(1−eη)2

Step 5: The log-partition vector is given by:

AΘ =


ln( eΘx

(1)

( 1 − eΘx
(1)

)
)

..

ln( eΘx
(m)

( 1 − eΘx
(m)

)
)

 ∈ Rm

Step 6: The log-partition Gradient matrix is:

DΘ = [
1

1 − eΘx(1)
..

1

1 − eΘx(m)
] ∈ R1×m

Step 7: If needed (e.g., in the case of NR algorithm), the second order diagonal
matrix (S11)Θ ∈ Rm×m is given by:

(S11)Θ =


eΘx

(1)

(1 − eΘx
(1)

)2
0 .. 0 0

0 eΘx
(2)

(1 − eΘx
(2)

)2
.. 0 0

0 0 .. 0 0

0 0 .. 0 eΘx
(m)

(1 − eΘx
(m)

)2


Step 8: Compute the Cost Function Jx,λ(Θ), its Gradient 5Θ (Jx,λ) and its
Hessian HΘ (Jx,λ).

Step 9: Calculate the optimal Θ∗ using e.g., BGD, SGD, NR.

Step 10: Test the model on an adequate test set and then conduct predictions on
new input using the mean function h that maps η = Θ∗ x to:

h(η) =
∂a

∂η
(Θ∗ x) =

1

(1 − eΘ∗ x)
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Note that the range of h is R although the sufficient statistic is in N+. This is
because the mean function outputs the expected value of the sufficient statistic. So
one would still need to map the expected value outputed by h to an integer in N+.

v. The Multinomial distribution: The corresponding probability distribution is:

p(y; φ1, ..., φk−1) = Πk−1
i=1 φ

1{y=i}
i ( 1− Σk−1

j=1 φj )1{y=k}

Here, 1{y = i} is a function of y that returns 1 if and only if y = i, and returns 0
otherwise. One can think of this distribution as the probability of y taking a value in
the set {1, ..., k}, with:

φ1 = p(y = 1)

...

φk−1 = p(y = (k − 1))

φk = p(y = k) = 1− Σk−1
i=1 φi.

We rewrite it in an equivalent form that makes it easier to identify as a member of the
exponential family:

p(y; φ1, ..., φk−1) = e ln [ Πk−1
i=1 φ

1{y=i}
i ( 1−Σk−1

j=1 φj )1{y=k} ] =

e[ Σk−1
i=1 1{y=i} ln(φi) + 1{y=k} ln( 1−Σk−1

j=1 φj ) ] =

e[ Σk−1
i=1 1{y=i} ln(φi) + ( 1−Σk−1

i=1 1{y=i} ) ln( 1−Σk−1
j=1 φj ) ] =

e
[ Σk−1

i=1 1{y=i} ln(
φi

( 1−Σk−1
j=1

φj )
) + ln( 1−Σk−1

j=1 φj ) ]

Step 1: The target matrix Y ∈ {1, .., k}m×1. In other terms, each training
example i ∈ {1, ..,m} has an integer output 1 ≤ y ≤ k associated with it.

Step 2: We identify the following quantities:

• The natural parameter is given by:

η ≡ [η1 ... ηk−1]T = [ ln(
φ1

( 1− Σk−1
j=1 φj)

) .. ln(
φk−1

( 1− Σk−1
j=1 φj)

) ]T ∈ Rk−1

• The sufficient statistic of y is:
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T (y) = [ 1{y = 1} .. 1{y = k − 1} ]T

As a result, the sufficient statistic matrix is given by:

T =

1{y(1) = 1} .. 1{y(1) = (k − 1)}
.. .. ..

1{y(m) = 1} .. 1{y(m) = (k − 1)}

 ∈ {0, 1}m×(k−1)

Here, p = (k − 1).

• The dispersion matrix is ρ = Ip = Ik−1

• The non-negative base measure is b(y, ρ) = b(y) = 1

• The log-partition function maps η ∈ R to:

a(η) = −ln( 1− Σk−1
j=1 φj ) = ln(

1

1− Σk−1
j=1 φj

)

= ln( Σk−1
j=1 e

ηj + 1 ) ∈ R

• The coefficient matrix is given by:

Θ =

 ΘT
1

..
ΘT

(k−1)

 =

 θ11 .. θ1(n+1)

.. .. ..
θ(k−1)1 .. θ(k−1)(n+1)

 ∈ R(k−1)×(n+1)

Step 3: ∀s ∈ {1, .., k − 1}, the function ∂a
∂ηs

: Rk−1 → R corresponds to the
following mapping:

η ≡ [η1 ... η(k−1)]
T → eηs

1 + Σk−1
j=1 e

ηj

Step 4: If needed (e.g., in the case of NR algorithm), ∀s, t ∈ {1, .., k − 1}, the
function ∂2a

∂ηs∂ηt
: Rk−1 → R can be computed as follows:

η ≡ [η1 ... ηk−1]T → 1

( 1 + Σk−1
j=1 e

ηj )2
[ δst e

ηt ( 1 + Σk−1
j=1 e

ηj ) − e[ ηs + ηt ] ]

where δst = 1 if s = t and 0 otherwise.

Step 5: The log-partition vector is given by:

AΘ =

 ln( 1 + Σk−1
j=1 e

ΘTj x
(1)

)
..

ln( 1 + Σk−1
j=1 e

ΘTj x
(m)

)

 ∈ Rm
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Step 6: The log-partition Gradient matrix is given by:

DΘ =


e[Θ

T
1 x

(1)]

1 + Σk−1
j=1 e

[ΘT
j
x(1)]

.. .. e[Θ
T
1 x

(m)]

1 + Σk−1
j=1 e

[ΘT
j
x(m)]

.. .. .. ..

.. .. .. ..

e
[ΘTk−1x

(1)]

1 + Σk−1
j=1 e

[ΘT
j
x(1)]

.. .. e
[ΘTk−1x

(m)]

1 + Σk−1
j=1 e

[ΘT
k−1

x(m)]

 ∈ R(k−1)×m

Step 7: If needed (e.g., in the case of NR algorithm), ∀u, v ∈ {1, .., k − 1} the
second order diagonal matrix (Suv)Θ ∈ Rm×m is the diagonal matrix whose iith

entry (i ∈ {1, ...,m}) is given by:

[(Suv)Θ]ii =
1

( 1 + Σk−1
j=1 e

[ΘTj x
(i)] )2

[ δuv ( 1 + Σk−1
j=1 e

ΘTj x
(i)

) eΘTv x
(i) − e[ (ΘTu+ΘTv )x(i) ]]

Step 8: Compute the Cost Function Jx,λ(Θ), its Gradient 5Θ (Jx,λ) and its
Hessian HΘ (Jx,λ).

Step 9: Calculate the optimal Θ∗ using e.g., BGD, SGD, NR.

Step 10: Test the model on an adequate test set and then conduct predictions on
new input using the mean function h that maps η = Θ∗ x to:

h(η) = (5η a)T (Θ∗ x) =



e[Θ
∗T
1 x]

1 + Σk−1
j=1 e

[Θ∗T
j

x]

..

e
[Θ∗Tk−1 x]

1 + Σk−1
j=1 e

[Θ∗T
j

x]



Note that by definition, we have h(η) = E[T (y) | x; Θ]. Substituting the
previously derived expression for T (y), we get:

E[ 1{y = 1} | x; Θ]

..

E[ 1{y = k − 1} | x; Θ]


=



e[Θ
∗T
1 x]

1 + Σk−1
j=1 e

[Θ∗T
j

x]

..

e
[Θ∗Tk−1 x]

1 + Σk−1
j=1 e

[Θ∗T
j

x]


Observing that:

E[ 1{y = i}; φ1, .., φk−1] = 1× φi + 0× Πk−1
j=1,j 6=i φj = φi

32



2019 Bassam El Khoury Seguias c©

We get:

h(Θ∗ x) =


φ1

..

φk−1


≡


p(y = 1 | x; Θ)

..

p(y = (k − 1) | x; Θ)


=



e[Θ
∗T
1 x]

1 + Σk−1
j=1 e

[Θ∗T
j

x]

..

e
[Θ∗Tk−1 x]

1 + Σk−1
j=1 e

[Θ∗T
j

x]



This is the familiar softmax regression model. We predict y = i ∈ {1, .., k}
whenever φi = maxkj=1 φj and where we define φk to be equal to ( 1− Σk−1

j=1 φj ).
This classification highlights the presence of decision boundaries that delimit k
distinct zones where the ith zone correspond to the set of x vectors for which
φi = maxkj=1 φj.

Note that logistic regression is a special case of softmax regression when k = 2.

7 The multivariate Gaussian distribution case

The multivariate Gaussian distribution is given by:

p(y; µ,Σ) =
1√

(2π)r|Σ|
e−

1
2

(y−µ)T Σ−1 (y−µ)

where y ∈ Rr, µ ∈ Rr and Σ is a symmetric positive definite matrix in Sr++.

Note that the symmetry and positive definiteness of Σ imply the symmetry and positive
definiteness of Σ−1 as we now demonstrate.

• Proof that Σ−1 is symmetric: We claim that for any invertible matrix A, it
holds that (AT )−1 = (A−1)T . Indeed, letting I denote the identity matrix, we
have the following chain of equalities:

A−1 A = I = IT = ( A−1 A )T = AT (A−1)T

It ensues that (AT )−1 = (A−1)T . By virtue of being positive definite, Σ is
invertible and we get as a result that (ΣT )−1 = (Σ−1)T . Invoking the symmetric
nature of Σ, we then conclude that Σ−1 = (Σ−1)T . This shows that Σ−1 is
symmetric.

• Proof that Σ−1 is positive definite: Being positive definite, Σ exclusively
admits positive eigenvalues. But the eigenvalues of Σ−1 are the reciprocals of those
of Σ and hence are also positive. This in turn implies that Σ−1 is positive definite.
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We rewrite the probability distribution in an equivalent form that makes it easier to
identify as a member of the exponential family with dispersion matrix:

p(y; µ,Σ) =
1√

(2π)r|Σ|
e−

1
2

(yTΣ−1y) e[ 1
2

(yT Σ−1 µ) + 1
2

(µT Σ−1 y) − 1
2

(µT Σ−1 µ) ]

Being a scalar, the quantity yT Σ−1 µ is equal to its transpose µT (Σ−1)T y. And
since Σ−1 is symmetric, it must be that yT Σ−1 µ = µT Σ−1 y. Moreover, the
determinant of Σ−1 satisfies |Σ−1| = 1

|Σ| . As a result, we write:

p(y; µ,Σ−1) =

√
|Σ−1|
(2π)r

e−
1
2

(yT Σ−1 y) e[ (µT Σ−1 y) − 1
2

(µT Σ−1 µ) ]

Step 1: The target matrix Y ∈ Rm×r. In other terms, each training example
i ∈ {1, .., m} has a multivariate output y ∈ Rr associated with it.

Step 2: We identify the following quantities:

• The natural parameter vector η = µ ∈ Rp.

• The sufficient statistic is T (y) = y. Matrix T = Y ∈ Rm×p. Note that the
dimension p of the sufficient statistic is equal to the dimension r of y.

• The dispersion matrix is Λ = Σ−1 which is not necessarily a positive
multiple of the identity matrix Ip. The inverse of the covariance matrix Σ is
also usually known as the precision matrix.

• The non-negative base measure is b(y,Λ) =
√

|Λ|
(2π)r

e−
1
2

(yT Λ y).

• The log-partition function maps (η,Λ) ∈ Rp × Rp×p to:

c(η,Λ) =

(
µT√

2

)
Λ

(
µ√
2

)
=

(
ηT√

2

)
Λ

(
η√
2

)
∈ R

where q : Rp → Rp is the map that takes η ≡ [η1 .. ηp]
T to q(η) = η√

2

We can also compute the derivative of q with respect to η :

(Dη q) =


∂q1
∂η1

.. ∂q1
∂ηp

.. .. ..
∂qp
∂η1

.. ∂qp
∂ηp

 (η) =
1√
2
Ip

• The coefficient matrix is Θ ∈ Rp×(n+1).

Step 3: We claim that the Gradient of c with respect to η is the map from Rp to
Rp that takes η ≡ [η1 .. ηp]

T to (5η c)
T = Λ η
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To see why, note that if A ∈ Rp×p is a given matrix and f : Rp → Rp maps vector
x = [x1 .. xp]

T to f(x) = xT A x, then:

{ f(x) = Σp
j=1 Σp

k=1 xj Ajk xk. As a result, ∀i ∈ {1, .., p} :

∂f

∂xi
= Σp

j=1 Σp
k=1 { δij (Ajk xk) + (xj Ajk) δik } =

Σp
j=1 Σp

k=1 { Aik xk + xj Aji } = Σp
j=1 { (Aij + Aji) xj }

{ And so: (5x f)T = [ ∂f
∂x1

.. ∂c
∂ηp

]T = (A+ AT ) x

{ We then conclude that: (5η c)
T = 1

2
(Λ + ΛT ) η = Λ η

Step 4: We now turn to computing the cost function J
(LG)
x,λ (Θ,Λ) derived from

conducting maximum likelihood estimation using the multivariate Gaussian
distribution. After substituting the relevant parameters in equation (18), we get:

J
(LG)
x,λ (Θ,Λ) =

1

m
Σm
i=1 w

(i)
x {

1

2
(x(i))T ΘT Λ Θ x(i) − (x(i))T ΘT Λ y(i) +

1

2
(y(i))T Λ y(i) +

1

2
ln( (2π)p

∣∣Λ−1
∣∣ ) } +

λ

2
Σp
j=1 [ ΘT

j Θj + ΛT
j Λj ]

We rewrite this more concisely using matrix notation as follows:

J
(LG)
x,λ (Θ,Λ) =

1

m
Tr{ [

1

2
X ΘTΛ Θ XT − X ΘTΛ Y T +

1

2
Y Λ Y T

+
1

2
ln( (2π)p

∣∣Λ−1
∣∣ ) Ip ] Wx } +

λ

2
[ Tr(Θ ΘT ) + Tr(Λ ΛT ) ]

(32)

We have seen earlier that the long form general Cost Function is convex in Θ.
Moreover, we showed that if b(y,Λ) is convex in Λ, then so will the Cost Function.
We now demonstrate that for the case of the multivariate Gaussian, b(y,Λ) is
indeed convex in Λ. To do so, we prove the equivalent claim that −ln( b(y,Λ) ) is
convex in Λ. To see why, note that:

−ln( b(y,Λ) ) =
1

2
Y T Λ Y − 1

2
ln( |Λ| ) +

1

2
ln( (2 π)r )

Note that the first term is linear in Λ and hence convex in Λ. The last term is
independent of Λ. The second term is a negative multiple of the natural logarithm
of the determinant of a positive definite matrix. To establish the convexity of this
quantity, we first find the Gradient of −1

2
ln( |Λ| ) which turns out to be equal to
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−1
2

Λ−1 (for a proof, the reader can refer to e.g., section 4.A.1 of [1]). We then
compute the Hessian which turns out to be equal to 1

2
Λ−2. This shows that the

Hessian is positive definite which implies that −1
2
ln( |Λ| ) is convex in Λ.

Step 5: We now turn to computing the Cost Function’s Gradient as specified by
equation (19). In order to do so, we first prove some identities involving the
derivative of a Trace.

• Gradient of Tr
(

1
2
X ΘT Λ Θ XT Wx

)
:

In what follows, the quantity δij evaluates to 1 if i = j and 0 otherwise. First
of all, note that:

Tr

(
1

2
X ΘTΛ Θ XT Wx

)
=

∑
i,j,k,l,m,n

Xij θkj ρkl θlm Xnm (Wx)ni

∀u ∈ {1, .., p} and j ∈ {1, .., (n+ 1)}, we can express the (uj)th component of
its derivative with respect to Θ as follows:

[
5Θ Tr

(
1

2
X ΘT Λ Θ XT Wx

) ]
uv

=

1

2

∂

∂θuv

∑
i,j,k,l,m,n

Xij θkj ρkl θlm Xnm (Wx)ni =

1

2

∑
i,j,k,l,m,n

[ Xij δuk δvj ρkl θlm Xnm (Wx)ni

+ Xij θkj ρkl δul δvm Xnm (Wx)ni ] =

1

2

∑
i,j,k,l,m,n

[ Xiv ρul θlm Xnm (Wx)ni

+ Xij θkj ρku Xnv (Wx)ni ] =

1

2

∑
i,j,k,l,m,n

[ ρul θlm Xnm (Wx)ni Xiv

+ ρku θkj Xij (Wx)ni Xnv ] =

1

2

(
Λ Θ XT Wx X

)
uv

+
1

2

(
ΛT Θ XT W T

x X
)
uv

=

( Λ Θ XT Wx X )uv
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(since Λ and Wx are symmetric.)

As a result, we conclude that:

5Θ Tr

(
1

2
X ΘT Λ Θ XT Wx

)
= Λ Θ XT Wx X (33)

Similarly, we can follow the same procedure to find that:

5Λ Tr

(
1

2
X ΘT Λ Θ XT Wx

)
=

1

2
( Θ XT Wx X ΘT ) (34)

• Gradient of Tr
(
X ΘTΛ Y T Wx

)
:

We first notice that:

Tr
(
X ΘT Λ Y T Wx

)
=

∑
i,j,k,l,m

Xij θkj ρkl Yml (Wx)mi

Since Λ is symmetric, we can equivalently write this equality as:

1

2

∑
i,j,k,l,m

( Xij θkj ρkl Yml (Wx)mi + Xij θkj ρlk Yml (Wx)mi )

We then apply the same logic as before and demonstrate that:

5Θ Tr
(
X ΘTΛ Y Wx

)
= Λ Y T Wx X (35)

And that:

5Λ Tr
(
X ΘTΛ Y Wx

)
=

1

2

(
Θ XT Wx Y + Y T Wx X ΘT

)
(36)

• Gradient of Tr
(
Y Λ Y T Wx

)
:

Given the lack of dependency on Θ, it is obvious that:

5Θ Tr( Y Λ Y T Wx ) = 0 (37)

Furthermore, observing that Wx is symmetric and applying the same
methodology that we previously used allow us to readily show that:
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5Λ Tr( Y Λ Y T Wx ) =
1

2
Y T Wx Y (38)

• Gradient of Tr
(

1
2
ln( (2π)p |Λ−1| ) Ip Wx

)
:

Here too, independence of Θ justifies that:

5Θ Tr

(
1

2
ln( (2π)p

∣∣Λ−1
∣∣ ) Ip Wx

)
= 0 (39)

On the other hand, we have:

5Λ Tr

(
1

2
ln( (2π)p

∣∣Λ−1
∣∣ ) Ip Wx

)
=

5Λ

(
1

2
ln( (2π)p

∣∣Λ−1
∣∣ ) Tr( Wx )

)
=

Tr( Wx ) × 5Λ

(
1

2
ln( (2π)p

∣∣Λ−1
∣∣ )

)
=

Tr( Wx ) × 5Λ

(
1

2
ln(

∣∣Λ−1
∣∣ )

)
= −1

2
Tr (Wx) × 5Λ ( ln( |Λ| ) )

We stated earlier that 5Λ ( ln( |Λ| ) ) = Λ−1 (see e.g., section 4.A.1 of [1]).
As a result, we conclude that:

5Λ Tr

(
1

2
ln( (2π)p

∣∣Λ−1
∣∣ ) Ip Wx

)
= −1

2
Tr( Wx ) Λ−1 (40)

• Gradient of Tr( Θ ΘT ) and Tr( Λ ΛT ):

Clearly:

5Λ ( Tr( Θ ΘT ) ) = 5Θ ( Tr( Λ ΛT ) ) = 0 (41)

Furthermore, we can apply the same calculation as before to conclude that:

5Θ ( Tr( Θ ΘT ) ) = 2 Θ (42)

5Λ ( Tr( Λ ΛT ) ) = 2 Λ (43)
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The Gradient of the Cost Function can now be readily computed as:

5Θ (J
(LG)
x,λ ) (Θ,Λ) =

1

m
( Λ Θ XT Wx X − Λ Y T Wx X ) + λ Θ (44)

5Λ (J
(LG)
x,λ ) (Θ,Λ) =

1

2m
( Θ XT Wx X ΘT − Θ XT Wx Y

− Y T Wx X ΘT + Y T Wx Y − Tr (Wx) Λ−1 ) + λ Λ

(45)

Step 6: With the Cost function and its gradient thus derived, we can use
numerical algorithms to find the optimal Θ∗ and Λ∗ that minimize J

(LG)
x,λ . In what

follows we illustrate how this can be done using BGD. Recall that R denotes the
learning rate matrix that was previously introduced in section 5, iter is an
iteration count variable and max-iter is the maximum number of allowed
iterations before testing for convergence:

Θ(curr) ← Initialize()
Λ(curr) ← Initialize()
(They could be initialized to e.g., 0p×(n+1) and 0p×p respectively).

For (iter < max-iter)
{

Θ(new) = Θ(curr) −R 5Θ(curr) (J
(LG)
x,λ ) (Θ(curr), Λ(curr))

Λ(new) = Λ(curr) −R 5Λ(curr) (J
(LG)
x,λ ) (Θ(curr), Λ(curr))

Θ(curr) ← Θ(new)

Λ(curr) ← Λ(new)

Update all the Θ and Λ-dependent quantities including:

i. ) J
(LG)
x,λ (Θ,Λ)

ii. ) 5Θ (J
(LG)
x,λ )

iii.) 5Λ (J
(LG)
x,λ )

}

It is important to note that the entries of matrices Θ(new) and Λ(new) must get
simultaneously updated before they can be used in the next iteration.

Step 7: Test the model on an adequate test set and then conduct predictions on
new input using the mean function h that maps (η,Λ∗) = (Θ∗x,Λ∗) to:
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h(η,Λ) = Λ−1 (5η c)
T = Λ−1 Λ η = η = Θ∗ x

It turns out that one can calculate the optimal coefficient matrix Θ∗ and the optimal
dispersion matrix Λ∗ in closed form whenever the Cost Function is expressed in its long
basic form J (LB). In other terms, whenever we assume that the weight matrix Wx is
independent of x and equal to the (m×m) identity matrix, and that the regularization
matrix is independent of λ and equal to the ((n+ 1)× (n+ 1)) 0 matrix. In this case,
equation (44) yields:

5Θ (J
(LB)
x,λ ) (Θ,Λ) =

1

m
( Λ Θ XT X − Λ Y T X )

5Λ (J
(LB)
x,λ ) (Θ,Λ) =

1

2m
( Θ XT X ΘT − Θ XT Y

− Y T X ΘT + Y T Y − m Λ−1 )

Recall that the Cost Function is convex in Θ, and in Λ. We can therefore find Θ∗ and
Λ∗ by setting the Gradient with respect to Θ and to Λ to 0. By doing so, we get:

5Θ (J
(LB)
x,λ ) = 0 ⇐⇒ 1

m
Λ ( Θ∗ XT X − Y T X ) = 0

Since Λ is positive definite, this is equivalent to ( Θ∗ XT X − Y T X ) = 0. We then
retrieve the familiar normal equation we obtained in the univariate case:

Θ∗ = Y T X (XT X)−1

Similarly, by setting 5Λ (J
(LB)
x,λ ) = 0 we find:

(Λ∗)−1 =
1

m
(Θ XT − Y T ) (Θ XT − Y T )T

8 Python implementation

This section provides a python script that implements the GLM Supervised Learning
class using matrix notation. We limit ourselves to cases where the dispersion matrix is a
positive scalar multiple of the identity matrix. We emphasize that the code is meant for
educational purposes and we recommend using tested packages (e.g., Scikit-Learn) to
run specific predictive models.
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